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ABSTRACT

The partition function for a two-dimensional plasma is eval=-
uated within the random phase approximation. The periodic boundary
conditions are fully taken into account by including the periodic
image interactions. In the guiding-center limit, the "negative tem-
perature” threshold energy is evalusted, and a value differenf from
previous calculations results. When an identical randcm phase eval-
uation is spplied to the finite gyroradius plasma, the Salzberg-

Prager-May equation of state is recovered.



Considersable interest hes arisen lately in the equilibrium
statistical mechanics of two-dimensional plasmas, both in the
"guiding center" and finite gyroradius limits.”® The "guiding
center” model is particularly interesting because its total phase
volume is finite, so that above & critical energy Sm? the temperature
is formally negative.? Here we evaluate the partition function for
both systems within the random phase approximation, ﬁnd go marrive at
the threshold energy Bm.

In the random phase approximstion, periodic boundary condi-
tions are iwplicit, which means that in calculating the total energy
we must include the interactions of all the charges with the images
of all the others. Until now this fact has not been appreciated. We
use the two-body non-central Ewald potential to calculate the gneréy
of the system, which includes the image interactions and leads to a
volume dependent term. For the finite gyroradius case, the Salzberg-
Prager-May equation of state is recovered, and for the guiding center
model & new value of &m resultts,

We proceed from the canonical ensemble, which apparently has
not been done directly for the guiding center model. (For energies
neayr Em? the usual steepest-descent evaluation of the partition func-
tion may not be assumed to imply the equivalence of the canonical and
microcesnonical ensembles.) All our evaluations of thermodynamic

quantities derive explicitly from the partition function. ;



The total energy for N positive and N negative charges in a
2N , 2 '
. = +
box of volume V may be written as & Z 121 (21/21111) Z 1<) Y@ij)
+ &, € is a constant which will be specified below. ‘l'(,{!ij) is the
Ewald potential which includes the periodic images, and is
’
-2 - _ 1/2 .
‘Y(J_c_ij) = (hﬁeiej/.@v) 25 k exp(lggi.j). k=2mA", nisa
vector with integer components, V is the volume of the sYstem, and
the prime on the summation means to omit k = 0. The ith cherge is a

very long rod of length £ and charge e Following Brush, Sahlin,

10 11
and Teller,  gand Nijboer and DeWette,  we may put Y(;sij) into a

form convenient for numerical evaluation,
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where E.ij = fj_,j/vlle’ and El(x) is the exponential integral. The

. im

constant €, is £, = Ni—io [‘l’(x/vl/g) - ¢(x)] , where #(x) =
-(Eea/)z) gn x is the two-body Coulomb interasction. The numerical
value of €  turns out to be £_ = -2.6"(2(Ne2/£) + (Neefz) en V.

The partition function for the finite gyroradius case is

7 = (PN 2ny. f 0P o (C e/0) where 6= kT is the

temperature in energy units. The momentum space part is trivial,

and the configuration space part becomes

2N
Zconfig- =fd5 <xp {[eo+ E,j Y(g,ij)] /9}



Following Taylor, we invoke the random phase approximation to

convert the integral over the £'s to one over density variebles

~

1‘2 = Z (e E./LEVE) exp ik- (5. - §.) » with corresponding
JEE VR 1M

Jacobian J = H’(VezE/ENeE) exp {-(Vzﬂe/ENeE)ri] . This gives
k ~
® 2 2 2 2, 2
. = P -
2 onrig. fo ll'i (voy /28e” ) exp [ vy /2Ne )rE

- (e, *+2mry/K )0 + (hmf/zevf)] art . (2)
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The integrations over r are easily done and give Z =

2

k confige.
2, 2,=-1 2,2 2 2

1/ + 18/ exp [15/6F - g /o], where X5 = Uni¥e®/ gve, wnich

k

may be represented as an integral over k, to give (m:t are the masses

of the rods):

+

2 2
(1+Ni)em(1+yf’—} . (3)



The various thermodynsmic functions may be computed from

Eq. (3). The pressure is P = = galn 2)/aV = 2(N/V)s (1 - e2/2,¢e),

78
which is the Salzberg-Prager-May equation of state. ’

The internal

energy is (g) = 6 3(n z)/36 = 2Ng *+ g - (Ne®/8) o (1 + Neg/ze)-
The entropy is § = k[0 3(n 2)/30 +on 23 = 2Nkglon(om @_Gv/hgﬂ). +2]

*+ kplon( + Nee/ze) - Nee/ze]-

Results for the "guiding center" model may be obtained by

ignoring the momentum-space contribution to Z.

energy and entropy

(€)oo, =& - We?/ gL + Ne®/ 40)

2 2

Re Ne

= F — - r—
Sgec. 1B {g“[l 26 ] 28 }

We may eliminate p in favor of energy to obtain

and

£.C.
S = 1 -

- exp[-(<8>g_c_ - eo)/(Nee/z)] K

Tias we find for the

()

(5)

(6)



The tempergture is given by T-l =3 S/a (&)g c Egs. (4), (5), (6)
hold for 0 = k.BT > 0, Therefore, the threshold value of (8)g o

may be obtained by letting T -+ + », and gives the threshold energy

e =€ =- 2.672(Ne2/£.) + (Nee/f.l’ﬂiV ) (7)

m
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which differs from previous results. ’

Previous evaluations of Bm have assumed an equivalence
between the sum of the pairwise potentials and j B2 q/6n
- f ﬁiel £ d.g/eﬁ, where B is the electric field expressed as a
Fourier series, and f B2 /8 is the infinite Coulomb self-

self
energy of the charges. The Fourier representation of the ﬁ, how-
ever, assumes periodic boundary conditions. Therefore, the two
energies are equal only if the image charges are included in the
sums of the pairwise interactions. The expression in Eq. (7) cs;n_
be interpreted as the sum of the energies of the interaction of each
of the charges with its own images. Thus the threshold distribution
is still the random distribution, as previously determined. A
different conclusion was reached in Ref. (8).
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